All weakly distance-regular digraphs with girth 2 and k − k 1,1 = 1 are determined. Moreover, all such digraphs are commutative.
Introduction
A digraph Γ is a pair (X, A) where X is a set of vertices and A ⊆ X × X is a set of arcs. We often write V Γ for X and AΓ for A, respectively. Throughout this paper Γ always denotes a finite digraph with no loops. The set {u, v} is an edge if (u, v), (v, u) ∈ AΓ. A path of length r from u to v is a finite sequence of vertices (u = w 0 , w 1 , . . . , w r = v) such that (w t−1 , w t ) ∈ AΓ for t = 1, 2, . . . , r. A path (w 0 , w 1 , . . . , w r−1 ) is said to be a circuit of length r if (w r−1 , w 0 ) ∈ AΓ. The girth of Γ is the length of a shortest circuit. If a digraph contains an edge, its girth is 2. The number of arcs traversed in a shortest path from u to v is called the distance from u to v in Γ, denoted by ∂ (u, v) . The maximum value of the distance function in Γ is called the diameter of Γ. A digraph is said to be strongly connected if, for any two distinct vertices x and y, there is a path from x to y. For vertices x and For a strongly connected digraph Γ, let A i,j denote a square matrix of degree |V Γ|, whose rows and columns are indexed by the vertices of Γ such that
We say that A i,j is the (i, j)th adjacency matrix of Γ. Let
Note that the cardinality of Γ i,j (x) does not depend on the choice of x, denoted by
In [3] , we defined weakly distance-regular digraphs and determined all commutative 2-valent weakly distance-regular digraphs. In [2] , Suzuki determined all thin weakly distance-regular digraphs and proved the nonexistence of noncommutative weakly distance-regular digraphs of valency 2. In [4] , we gave a classification of commutative weakly distance-regular digraphs with girth 2 and k − k 1,1 = 1. In this paper, we prove that the condition 'commutativity' may be removed. The following is our main result. 
Here K n is a complete graph with n vertices, C r = Cay(Z r , {1}), and ∆ is a distanceregular graph. In particular, all weakly distance-regular digraphs with girth 2 and k − k 1,1 = 1 are commutative.
As for the concepts of Cayley digraph, lexicographic product and directed product of two digraphs, we would like to referee readers to [4] .
Proof of Theorem 1.1
In this section, we always assume that Γ is a weakly distance-regular digraphs with girth 2 and k − k 1,1 = 1. Then there is an integer g ≥ 3 such that Γ 1,g−1 = ∅ and k 1,g−1 = 1. We begin with a key lemma.
, and so the equality holds. By the similar way, the equality also holds when s = 1. Now suppose i = s = 2. In order to prove the equality, we only need to prove x 1 , y 1 , . . . , y g−1 = x 0 ) is a path of length g from x 2 to x 0 , consequently, j ≤ g.
We claim that t ≤ j if j < g. If j < g, pick a path (x 2 , x 3 , . . . , x j+1 , x 0 ) of length j from x 2 to x 0 . Note that x 3 = x 1 , so there is an integer h such that
, where all subscripts of x are taken modulo j+2. Since A 1,1 A 1,g−1 = A 2,t ,∂(x h , x h+2 ) = (2, t), and so t ≤ j. Therefore, our claim is valid.
Let (x 0 , x 1 , x 2 ) be a path with∂(x 0 , x 1 ) = (1, 1) and∂(x 1 , x 2 ) = (1, g − 1). Theñ ∂(x 0 , x 2 ) = (2, t). Let (x 2 = y 0 , y 1 , . . . , y g−1 = x 1 ) be a path of length g − 1 from x 2 to x 1 . Then (y 0 , y 1 , y 1 , . . . , y g−1 , x 0 ) is a path of length g from x 2 to x 0 , consequently, t ≤ g. We will prove that j ≤ t if t < g. If t < g, pick a path (x 2 , x 3 , . . . , x t+1 , x 0 ) of length t from x 2 to x 0 . Note that x t+1 = x 1 , so there is an integer h such that
where all subscripts of x are taken modulo t+2. Since A 1,g−1 A 1,1 = A 2,j ,∂(x h , x h+2 ) = (2, j), and so j ≤ t.
By above arguments, j = t, so the desired result follows. , x 1 , . . . , x r−1 ) and (y 0 , y 1 , . . . , y r−1 ) be two circuits with −1 , y i ) = (1, g − 1) and∂(x 0 , y 0 ) = (1, 1) , where all subscripts of x and y are taken module r. By k 1,g−1 = 1,
where I is the identity matrix of degree |V Γ|. Since A 1,g−1 A 1,1 = A 1,1 A 1 1) . Now we divide our discussion into the following three cases:
In this case, Γ is isomorphic to the directed product from a undirected graph to C r . Hence (4) holds by Lemma 2.4 in [4] . where J 3 is the all one matrix of degree 3, and P 3 is a circulant permutation matrix of degree 3. It is obvious that ∆[C 3 ] is commutative. By similar argument, ∆ × C r is also commutative.
